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Abstract This paper considers a partial differential equation (PDE) approach
to evaluate coherent risk measures for derivative instruments when the dynam-
ics of the risky underlying asset are governed by a Markov-modulated geometric
Brownian motion (GBM); that is, the appreciation rate and the volatility of the
underlying risky asset switch over time according to the state of a continuous-
time hidden Markov chain model which describes the state of an economy. The
PDE approach provides market practitioners with a flexible and effective way
to evaluate risk measures in the Markov-modulated Black—Scholes model. We
shall derive the PDEs satisfied by the risk measures for European-style options,
barrier options and American-style options.
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1 Introduction

Risk measurement and management are important areas in both the finance and
insurance industries. Due to the proliferation of various modern financial and
insurance products, there is a practical need to develop some appropriate meth-
ods and techniques to measure and manage the risk of these products. Some
recent financial crises, such as the Asian financial crisis, the collapse of long-term
capital management (LTCM), the turmoil at Barings and Orange Country, may
be attributed to the inappropriate practice of risk measurement, especially the
management of derivative instruments. This arouses the awareness of regulators
of appropriate methods for risk measurement and the need for controling the
riskiness of a trading portfolio. International regulatory bodies, such as Bank of
International Settlement (BIS) and Basel Committee for Banking Supervision,
have produced some reports with detailed guidelines on quantitative methods,
techniques and practice for risk measurement and management. Regulators
recommend the use of Value at Risk, VaR, for capital requirements while risk
managers adopt VaR for allocating capital and imposing risk limits to different
trading desks. Basically, VaR can be considered a statistical estimation of a
portfolio’s possible loss in such a way that the owner of the portfolio should be
prepared to incur at least that loss with a given (small) probability level over
a given (short) time horizon. See Morgan’s (1996) Riskmetrics—technical doc-
ument and Embrechts (2000) for an introduction, and Duffie and Pan (1997)
for a survey. Duffie and Pan (1997) noted that VaR is not easy to implement
if the portfolio contains derivatives. Since it is very difficult, if not impossible,
to obtain a closed-form expression of VaR for complicated portfolios, market
practitioners often resort to Monte Carlo simulation to approximate VaR for a
portfolio of derivatives.

Although VaR is a popular tool for risk measurement in practice, it has been
pointed out in some recent research studies that VaR does not satisfy some
desirable theoretical properties. Artzner et al. (1999) developed an axiomatic
approach to the construction of risk measures. They presented and justified a
set of four desirable properties for risk measures. They introduced the class
of coherent risk measures, which satisfy these four properties and obtained
a representation for coherent risk measures. Subadditivity is one of the four
desirable properties. Intuitively, it states that the merger of two risky positions
should always reduce risk. Artzner et al. (1999) pointed out that VaR does
not, in general, satisfy the subadditivity property, especially when the portfolio
contains derivative instruments. This makes the search for an appropriate risk
measure for derivative instruments of theoretical interest as well.

Measuring risks of portfolios containing derivative instruments is a challeng-
ing task. Much of the literature focuses on investigating VaR for portfolios
of derivative instruments (see J.P. Morgan’s Riskmetrics—technical document,
Duffie and Pan (1997) and Jahel et al. (1999), etc). There are two common
analytical approaches to the calculation of VaR for derivative portfolios, namely
the delta-gamma approximation and the method of matching portfolios’ mo-
ments. In the former method, the portfolio can be decomposed in terms of the
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portfolio’s delta and gamma which are then used to approximate the portfolio’s
return in the calculation of the portfolio’s distribution. In the latter method, one
needs to calculate the portfolio’s moments and find a distribution that matches
the portfolio’s distribution as closely as possible. Both approaches are difficult
to implement when the portfolio contains complex derivatives or a significant
number of derivatives.

Recently, there has been considerable interest in the applications of regime
switching, or Markov-modulated, models to various financial problems. Some
papers on the use of regime-switching models in finance include Elliott and
van der Hoek (1997) for asset allocation, Pliska (1997) and Elliott et al. (2001)
for short rate models, Elliott and Hinz (2002) for portfolio analysis and chart
analysis, Guo (2001) and Chan et al. (2005) for option pricing under mar-
ket incompleteness, Buffington and Elliott (2002a,b) for pricing European and
American options, Elliott et al. (2003) for volatility estimation. There is a rel-
atively little work on investigating quantitative risk measurement for financial
instruments, especially derivative markets, in the context of regime-switching
models.

This paper considers a partial differential equation (PDE) approach for eval-
uating coherent risk measures for derivative instruments in a Markov-modu-
lated Black-Scholes environment. We consider the coherent risk measures for
derivative instruments adopted in Siu and Yang (2000) and Siu and Yang (2001).
We suppose that the dynamics of risky underlying asset are governed by a Mar-
kov-modulated geometric Brownian motion (GBM); that is, the appreciation
rate and the volatility in the log-normal dynamics of the underlying risky asset
depend on the states of the economy which are modelled by a continuous-time
hidden Markov chain. In practice, one may use some observable economic indi-
cators, such as GDP, the inflation rate or other observable economic factors, as
a proxy for the hidden state of the economy. One may then estimate the hidden
state of the economy using historical data from one, (or more), of these indica-
tors. In particular, one may first specify a set of threshold values and divide the
state space for the values of an economic indicator into different regimes. Then,
the state of the hidden Markov chain can be estimated by the regime in which
the value of the economic indicator falls. The transitions of the states can then
be traced by the jumps in the historical data series of this indicator. Another
way to deal with estimation the hidden state is to use filtering. However, the
filtering problem for our case poses additional challenge since both the drift and
the volatility of the log-normal dynamics switch over time according to the state
of the hidden Markov chain. Some works on using filtering methods in finance
include Elliott et al. (2003) for the log-normal dynamics with Markov-switching
volatility and Elliott and Royal (2007) for regime switching variance Gamma
dynamics. We also assume that the market interest rate of a bank account is
a constant. We employ the regime-switching Esscher transform introduced in
Chan et al. (2005) to select an equivalent martingale measure for pricing the
options in the incomplete market setting. The concept of the Esscher trans-
form, in particular the random Esscher transform, has been adopted in Siu et
al. (2001) for pricing derivatives in the context of risk measurement under the
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Bayesian framework. In addition to pricing, we also consider the hedging of
derivatives in an incomplete market setting by considering delta-neutral hedg-
ing and evaluating the risk of incomplete hedging. As in Siu and Yang (2000,
2001), we adopt real-world probability measures for risk measurement. The par-
tial differential equation (PDE) approach provides market practitioners with
a flexible and effective way to evaluate risk measures in a Markov-modulated
Black-Scholes model. It is especially useful for the case of American options,
in which the possibility of early exercise needs to be taken into consideration in
both the pricing and risk measurement parts. We derive the PDEs satisfied by
the risk measures for European-style options and American-style options. We
also demonstrate the use of the PDE approach for evaluating risk measures for
exotic options, like barrier options.

The paper is organized in the following way. Section 2 describes the asset
price dynamics of the Markov-modulated Black-Scholes environment and the
marking the option prices in the market using the regime-switching Esscher
transform in Chan et al. (2005). We use delta-neutral hedging for an option
in the incomplete market described by the Markov-modulated Black—-Scholes
model. Section 3 defines a dynamic regime-switching version of the generalized
“scenarios” expectation (GSE) for an option position, which is a coherent risk
measure. We shall derive the regime-switching PDEs, satisfied by the GSE, and
the corresponding system of N-coupled PDEs. We shall also derive a system of
coupled PDEs for the GSE for the jump risk due to the hidden Markov chain.
Section 4 derives the PDEs satisfied by the risk measure of a barrier option. We
deal with the risk measure for an American-style option in Sect. 5. The final
section summarizes the paper and suggests some possible topics for further
investigation.

2 Standard European-style options

In this section, we shall describe the asset price dynamics and discuss the val-
uation of standard European-style options using the regime-switching Esscher
transform described in Chan et al. (2005) in the context of a Markov-modulated
Black—-Scholes environment. We also discuss the delta-neutral hedging in this
context. First, we consider a financial model consisting of one risk-free asset,
namely a money market account, and one risky asset, namely stock or share,
with the time horizon [0, T] during which all economic activities take place.
The risk-free asset and the risky asset are tradable continuously over time. We
present the asset price dynamics of the model in the sequel.

Suppose (€2, F,P) is a complete probability space, where P is a reference
physical probability measure. Let 7 denote the time index set [0, T] of the
model. We consider a continuous-time hidden Markov chain process {X;};c7
on (2,F,P) with a finite state space X' = (x1,x2,...,xn). Without loss of
generality, we can identify the state space of {X,};,c7 with a finite set of unit
vectors {ej, e, ...,en}, where e; = (0,...,1,...,0) € RV.
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A PDE approach for risk measures for derivatives with regime switching 59

Write A = [ajj];j=12,. .~ for the rate matrix of the Markov chain. Then,
from Aggoun et al. (1994) (see Chap. 7 therein), we have the following semi-
martingale representation decomposition for {X;};c7:

t
X[ = XO + /AXSdS + M[, (21)
0

where {M;},;c7 is an RN-valued martingale process with respect to the filtration
generated by {X;};c7.

We shall assume that the market interest rate of the bank account is a con-
stant r. Then, the dynamics of the price process {B;};c7 for the bank account
are described by:

dB[ = rBtdl, B() =1. (22)

We suppose that the stock appreciation rate {u,};c7 and the volatility {o/};c7
of the stock price process also depend on {X,};c7 and are described by:

Mt = /’L(Z7Xt) = (M?Xt> s ot 1= U(t7Xt) - (09XI> ) (23)
where u = (u1,u42,...,uN) and o := (o1,02,...,0y) With o; > 0 for each
i=1,2,...,N.

We suppose the dynamics of the stock price process {S;};c7 are then given
by the following Markov-modulated geometric Brownian motion:

dS[ = /;L[S[dl‘ + U[S[dW[, S() =39, (24)

where W := {W,} is a standard Brownian motion on (€2, F,P) with respect
to the filtration {J—',W}, which is the P-augmentation of the natural filtration
generated by W. We suppose that {X;},c7 and {W,},c7 are independent.

Let {]-"tX }teT denote the P-augmentation of the natural filtration generated
by {X:};e7. Foreacht € 7, we define G, as the o-algebra ]-',X \/]-',W. Now, we con-
sider a generic standard European option V written on the underlying stock and
with expiry time 7. That is, V' is a G measurable integrable random variable.
We shall determine the price of the option V. Due to the additional uncertainty
described by regime switching, the Markov-modulated Black-Scholes market
is incomplete. Hence, there are infinitely many equivalent martingale measures
for pricing options. Chan et al. (2005) introduced the regime-switching Esscher
transform to determine an equivalent martingale pricing measure. We employ
the pricing methodology in Chan et al. (2005) to determine this equivalent
martingale pricing measure.

Let 6, := 6(t, X;) denote the regime switching Esscher parameter, which can
be written as follows:

o(t, Xy =(0,X1), (2.5)
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where 0 := (61,6, ...,0n5) € RN. Then, the regime switching Esscher transform
Qp ~ P on G; with respect to a family of parameters {6;}sef0.q 1S given by:

t
exp (f@des)
= 0 , teT. (2.6)

1
G Ep|:exp (f@des) ftXi|
0

dQyp
dp

Let {#;};c7 denote a time-indexed family of risk-neutral regime switching Es-
scher parameters. Then, as in Chan et al. (2005), the martingale condition is
given by considering an enlarged filtration as follows:

So = Egé (e*”St|}'[X), foranyte 7. 2.7)

If 7S, is to be a martingale under Qj, it is shown in Chan et al. (2005) that
6 = %ﬁ" and the Radon-Nikodym derivative of Q; is given by:

R e C D

t
Then, using Girsanov’s theorem, W, = W; — [( %)ds is a standard Brownian
0

a0,
ap

motion with respect to {G},c7 under Q;. Hence, we can write the stock price
dynamics under Qé as:

ds; = rS,dr + 0,5, dW,. (2.9)

Let G, denote the o-field ]-',W \Y, ]—'7)5 . Then, given G, the price of the option V
with payoff V(St) at the expiry time 7 is given by:

V(t, TIG) = Eg,(e”" " "V(ST)IG)). (2.10)

We shall derive a partial differential equation (PDE) for the option V under
the Markov-modulated GBM. Following Buffington and Elliott (2002a,b), the
price of the option V given G; is given by:

V(t,TIG) = Eg,(V(t, TIG)IG). (2.11)
Since (X, S) is a Markov process, given S; = s and X, = x,

vV, T,S,X) = Eg, €TV (SIS = 5, Xy = x). (2.12)
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A PDE approach for risk measures for derivatives with regime switching 61

Write V(t, T, S, X) for e "V (¢, T, S, X). Then
Vi, T,S,X) = Eg, e "TV(ST)IG)). (2.13)
Write V(t, T,S) := (V(t,T,S,e),V(t,T,S,e2),...,V(t,T,S,en)). Then,
Vi, T,S, X)) = <V(r, T, St),X,>. (2.14)

As in Buffington and Elliott (2002a,b), using 1td’s differentiation rule and the
fact that V'is a (G, Qj)-martingale, V(t, T, S;, X;) satisfies the following regime
switching PD.E.

v V1 5,37V

— — = — AX)=0. 215

SIS Tg + 507 8S2+(V, > (2.15)
Write V&, T,5) = VT,S,e),V(t,T,S,e),...,V(t,T,S,ey)) so that

Vi, T,S,X) = (V,X).Since V(,T,S,X) := e ""V(t,T,S,X) we deduce from
(2.15) that

v v 1 2V
VA — 4+ 1S— + 025 —— + (V,AX) =0, 2.16
r +8t+r 8S+20’ asz+( ) (2.16)
with terminal condition:
V(T,T,S,X)=V(S7). (2.17)

Here, we obtain a simple regime-switching PDE (2.16) for derivative pricing.
The reason why the PDE is obtained is due to the assumption that the stan-
dard Brownian motion driving the stochastic differential equation for the price
dynamics of the underlying risky asset and the hidden Markov chain are inde-
pendent. Under this assumption, the martingale measure we use for pricing
corresponds to the logarithmic utility for wealth in the context of “neutral
derivative pricing” (see Kallsen (2000)). In this case, the risk premium is zero
and the risk due to the switching of the hidden Markov chain is not priced.
Stojanovic (2005) pointed out that this is the only obvious choice for the risk
premium. However, in reality, actual investing behavior is less aggressive than
that described by the logarithmic utility of wealth. Since the risk premium is
zero, the stock appreciation rate does not affect the pricing PDE (2.16). The
inputs for the pricing PDE (2.16) are the interest rate, the volatility and the
transition probability matrix of the hidden Markov chain. The transition prob-
ability matrix affects the pricing PDE (2.16) only through the volatility, and not
through the stock appreciation rate.
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Therefore, the components V; = V (¢, T, S, ¢;) satisfy the following system of
N-coupled partial differential equations:

_ halit} R Ae;)) = 2.1
Vit =~ SaS 5078 =gz + (V, Ae) =0, (2.18)
with the terminal condition:
V(T,T,S,e)=V(Sr), i=1,2,...,N. (2.19)

In the sequel, we shall consider the hedging of the option under the Markov-
modulated Black-Scholes framework. Here, we employ delta-neutral hedging
for the short position of the option. First, for each ¢t € 7, let ¢o(t) and ¢ (¢)
denote two G;-predictable random variables, which represent the numbers of
units of the bank account and the underlying risky asset at time ¢ in a portfolio.
Let I, denote the value of the hedged portfolio at time ¢. Then,

[y = ¢o(O)Br + ¢1(1)S:. (2.20)
We suppose that IT is self-financing. That is,

If we combine the hedged portfolio with a short position in the option, the
overall hedged position has value:

s, x)=-va,T,8,X) + 11, (2.22)

Note that by It&’s differentiation rule,

vV 1 3V
dv(, T,S,X) = ( T M,Sﬁ +5 0282 — o5 )dt

+0zS 3S sz +(V,dX;). (2.23)
Let L(V,1) := %_‘t/ + ﬂ[S% + %0[252%‘2/-. Then,

dri(, S, X)
= (=L(V,D) + ¢orB + ¢11S — (V, AX))dr + (¢1azS — UtS%)sz
—(V,dM,). (224)

Suppose the portfolio is delta neutral. That is, % = 0. Then,

¢1U[S O'[Sﬁ =0. (225)
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Hence,

¢ = w b0 = B—l(nt — 88—‘53) (2.26)

Under the delta-neutrality, the dynamics of IT are given by:
dIl = (—L(V,t) + ¢orB + ¢1ueS — (V,AX))dt — (V,dM,).  (2.27)
Note that
LV, +(V,AX) =rV. (2.28)
Then,
dIT = rT1dt + ¢y (w; — r)Sdt — (V,dM,) (2.29)

The delta hedging method cannot eliminate the risk completely. In particular,
the jump risk due to the hidden Markov chain cannot be hedged. The instanta-
neous jump risk is given by:

$1 (e — r)Sde — (V,dM;) . (2.30)

We shall discuss how to evaluate the jump risk due to the hidden Markov chain
by the GSE in the next section.

3 Coherent risk measure: generalized *“‘scenarios” expectation (GSE)

In this section, we shall derive the PDEs governing the dynamics of a coherent
risk measure for an unhedged position of standard European options, such as
calls, puts or digital options, over a fixed time horizon [¢, f 4 /] in the context of
a Markov-modulated Black—Scholes market. We shall consider a coherent risk
measure, namely the generalized scenarios expectation (GSE), for the option
V over the time horizon [t,t 4+ h]. This can be considered a general form of
a (conditional) coherent risk measure first proposed by Artzner et al. (1999).
We suppose that the option will be held during the time interval [¢,¢ + A].
From a buyer’s point of view, given the market information up to time u, G,,
where u € [t,t + h), we define the GSE for an unhedged position of derivatives
over [t,t + h]. In practice, perfect hedging is not possible due to the presence
of transaction costs and the fact that trading cannot be done continuously.
Sometimes, banks do not hedge due to the incentive to earn higher expected
returns. Hence, it is of practical interest to evaluate the risk of a partially
hedged, (or discretely hedged), position, or the risk inherent from an unhedged
position. First, we define the future net loss of the portfolio over [t,f + k] as
exp(rh)V (¢, T,8:, Xy) =Vt +h, T,S1n, Xi+n), denoted as AV, . Let P denote
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a family of probability measures P ~ P. Then, the GSE for the option V with
respect to the family of probability measures P is defined as:

,op(A Vt,h|gu) = sup Eﬁ[exp ( —r(t+h— u)) AVip
PeP

g] (3.1)

where the supremum is taken over the family of probability measures P. We
shall specify P explicitly in the sequel.

In order to specify the GSE, we need to specify the family P of probability
measures equivalent to P. There are different ways to specify the family P. Here,
we shall specify the family P using a family of real-world probability measures
over different regimes using the regime-switching Esscher transforms. Under
the assumption of the Markov-modulated GBM for the price dynamics of the
risky asset, this is equivalent to the change of the original appreciation rate of
S to a family of regime-switching subjective appreciation rates of S, which take
values in the stochastic interval governed by the values of the Markov chain
process {X;};,e7. We describe this in some detail.

Foreachi=1,2,...,N,let A; be an interval [A;, A ]in R, where A;” < u; <
1. Define a regime-switching stochastic interval A (X;) depending on X, such
that when X; = ¢;, A(e;) = Aj,foreachi=1,2,...,N. Recall that {A;};c7 is the
subjective appreciation rate of the underlying stock, which switches over time
according to the state of the hidden Markov chain process {X;},c7, that is,

A‘[ = A'(1‘7)(1) = ()"7Xl> 5 (32)

where A := (A1, A2,...,AN) With A; € A;, foreachi=1,2,...,N.
Let 67 := A’%l“‘, for each i = 1,2,...,N and 6* = (0,605,...,0%). Define a
regime-switching Esscher parameter 6, := (0%, X;) associated with A, := (1, X;).

Then, the regime switching Esscher transform Py, ~ P on G; with respect to a
family of parameters {6 }sc[0. is given by:

t
exp(f@s)‘dWs)

0

G p
! Ep[@Xp(f@;‘dWs)

0

/ s 1] )
:exp[—/ (““_ “)dwu—-/(“”_ ) du], teT.(33)
oy 2 oy
0 0

Then, by Girsanov’s theorem,

d’ng
dp

-

t

u - )\u
W = Wt+/(“a_)du, te0,T] (3.4)
u
0
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is a standard Brownian motion with respect to {G;} under Py.. Hence, under
Py, the dynamics of the underlying stock can be rewritten as:

dS; =Sy dt + 0 S, AW} (3.5)

Let A(u,t+h) == U, cpypim AX7) C UY, A, foreachu € [1,1+h). Now, we
let P s+m) denote a family of subjective probability measures {Pyi}ea wi+h)
associated with the index set A (u,t+ h). Then, given G,,, we define the GSE for
the option V over [z, + h] with respect to P s44) as follows:

PP A us+h) (A Vt,h|gu)

= sup E’]DM |:exp ( —rit+h— u))A Vin
AEA (ut+h)

gu:|, ue [t’t+ h)’ (36)

where the supremum is taken over the set A (u,t + h).

Note that pp,,,., is the GSE for the option position V, which was estab-
lished at time ¢ and will be liquidated at time ¢ + A, evaluated based on the
information G, generated by the values of the price process of the risky asset
and the Markov chain process. Note that the GSE pp Ak is coherent, (see
Artzner et al. 1999).

Since (S;, X;) is a Markov process with respect to G;,

o]

=Ep, [exp ( —r(t+h— u))A Vin

b, [0 (e n)av

Su,Xu]. (3.7)

Hence, the GSE pp,,,,,, can be written as a function H(Sy, Xy, u) depending
on Sy, X, and u. Write H(S,, u) := (H(Sy,e1,u), H(Sy,ex, ), ..., H(S,,en,u)).
Then,

H(SLqu’u) = <H(Su,u)’Xu) . (38)

The following proposition presents the regime switching PDE satisfied by the
GSE H(Sy, Xy, u).

Proposition 3.1 Let 1™ := (A],A],...,A%) and 1~ := (A{,A,...,Ay). Sup-
(A, X) = 2 2 Txey if K <0

()\._’X> = 2?41 A lix—=e;y if K > 0.

Then, H(Sy, Xy, u) satisfies the following regime switching PDE:

pose K = —S% and M(K, X) =

OH 1 , ,9°H OH
— 4 08— + MK, X)S— —rH + (H,AX) =0 3.9
au +201£ 8S2 + ( s ) BS r +( ) ) s ( )
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with the following terminal condition:
H(Sl-l-hs X[+h9 r+ h) = exp(rh)v(t’ T9 S[a X[) - V(t + h" Ty S[+h9Xt+h)'

Proof We shall prove the result by formulating the problem of evaluating the
GSE as a Markov-switching stochastic optimal control with the Markov control
variable A, = (A, X;) taking values in A (X)).

First, we notice that the controlled dynamics of S* with respect to A can be
written as follows:

dS, = r,S,du + 0,8, AW, w e [t,t + hl]. (3.10)

Define J*(S, X, u), for each A € A(u,t+ h) and u € [t,t + k], and I:I(S,X, u) as
follows:

TS, X, u) = Ep,, (AViulS, X, ), (3.11)
and
HS, X,u):= sup J*S,X,u). (3.12)
rEA(ut+h)

Write H(S, u) := (H(S, ey, u), H(S, ez, u), ..., H(S,ex,u)). Then,

HS, X, u) = <ﬁ(s, u),Xu>. (3.13)

Then, H satisfies the following regime-switching HJB equation:

OH 1 , ,3°H OH -
— + 0S5 + S + (H,AX,) ) =0 3.14
xu:}\l&o(au T3 s TGS +< ’ ”> (3-14)

with the following terminal condition:

H(Sein, Xeonot + 1) =exprh)V(t, T, S, X)) =Vt + h, T, Sty ns X )-

Let
_0H 1 5 ,9%H OH -
N0u) = S 500 e IS+ <H,AXM>. (3.15)
Then,
dp(h)  OH
=S—. 3.16
dh 38 (316)
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We consider the following two cases:

Case I SUL > 0 (ie. K = —S2 < 0)
In this case,

dn(xy)
dx,

> 0. (3.17)

Hence, n(),) is an increasing function of 2,. This implies that n(,) attains its
maximum when

A= (T X) = Zx I(X,=e;)- (3.18)

Case Il: % < 0 (i.e. K = -S4 > 0)
In this case,

dn(hy)
dr,

<0. (3.19)

Hence, n(1,) is a decreasing function of A,. This implies that n(1,) attains its
maximum when

A= (A7, X0 Zx I(x,=es)- (3.20)

Then, H satisfies the following regime-switching PDE equation:

OH 1 2523 H

oH
St 508 S T K, X)S—+<H AX> 0, (3.21)

with the following terminal condition:
H(Stns Xevnst +h) = expr)V (€, T, 81, X)) = V(e + 7, T, Sen Xen).

Now, we notice that H(Sy, Xy, u) = ¢ "= S, X, u).
Hence, the result follows. O

The terminal condition H(Syyp, X;+n,t + h) can be obtained from the
solution V of the regime-switching Black-Scholes PD.E. associated with the
appropriate terminal condition. With H; := H(Sy,ej,u) (i = 1,2,...,N) and

= (Hy,Ha,...,HN), we have H(S,, Xy, u) = (H, X},). The following corol-
lary presents a system of N-coupled PDEs for H.
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Corollary 3.2 Let K; := —Saas , foreach i = 1,2,...,N. Then, H satisfies the

following system of N-coupled PDEs:

BHi

1 32H; H
+ 50 P — og T AHKie)S— —rH; + (H, Ae;) = 0, (3.22)

with the following terminal condition:
H(Sl‘+h7 e, + h) = erhV(t9 T’ Sl’Xl) - V(t + h5 T’ Sl‘+h’ ei)’ = 1’2’ (R ’N'

Proof The result follows from modifying the results in Proposition 3.1 and in
Buffington and Elliott (2002a,b). O

In the sequel, we shall discuss the use of the GSE to evaluate the jump risk

due to the hidden Markov chain. Recall from Sect. 2 that the instantaneous
jump risk due to the hidden Markov chain under the measure P is given by:

¢1(uy — r)Sdt — (V,dM;) . (3.23)
Under P, the jump risk AJ;; due to the hidden Markov chain under P is:

t+h t+h

Ay = / d1(y — 1)Sydu — / (V,dM,,) . (3.24)
t

t

Note that the instantaneous jump risk due to the hidden Markov chain under
the measure Py, is:

¢1 (A — r)Sdt — (V,dM,) . (3.25)
Hence, under Py, ,
t+h t+h
Alip = / $1(Ay — 1) Sydu — / (V,dM,) . (3.26)
t t

Then, given G,,, we define the GSE for AJ; ; with respect to P (s as follows:

’OPI\(u,t+h) (A Jt,h'Qu)

= sup Ep, |:exp (— r(t+h— u))AJtyh
reAithy

gu} , ueltt+h), (327
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Since Ep,, [ [ (V,dM,) |G.] = 0,

’OPA(L¢.t+h) (A Jl,hlgu)

t+h
= sup Epgk |:exp ( —r(t+h— u)) / ¢1(Ay — 1S, du gui|.(3.28)
t

LEA (u,t+h)

Now, for each u € [1,1 + h] let I, := [ ¢()A,S,dv and O, = [ p(v)S,dv.
Write H’ (S, X, I, O, u) for the GSE PP (A Jin|Gu). Note that

1 do
E = ¢ (WrySy, a = o W)Sy. (3.29)
With H/ = H/(S,ei,1,0,u) and W := (H| Hj,...,HY), we have

H'(S,X,1,0,u) = (W, X,). Then, B satisfies the following system of N-cou-
pled PDEs:

! dH! oH! 1 a2H! aH!
57 i e)Su—7- + Sy 0’ +§a,?sﬁ - S2l +A(Ki,e,~)Su8—S’
- rH{+<H’,Aez->=0, i=12,...,N, (3.30)

where A(Ki,ei) is defined as before, K; and X(ki,ei) are defined as follows:
AHif K <0
S di(Kie) =171 21
—¢(u) an (Ki,ej) = [)\;_ it K > 0.
The terminal condition is then given by:

H/(S,e;, 1,0, t+h) = sup (L1 — rOyp)
LEA(Lt+h)

=Tliyp—rOpp, i=12,...,N, (3.31)

where I,y = [ 1 () (1 (), X)) — ) Sudu with 2 (¢ (), X,) given by:

A AT X)) = SN AL, —ey if pu) >0
X X)) = ( l 1 {Xy=ei}
(¢ () ) { (A‘,Xu) — lel M Ix,=ep if () < 0.

4 European-style barrier options

In this section, we shall adopt the PDE approach to calculate the generalized
scenarios expectation (GSE) for European-style barrier options. In particular,
we consider a single down-and-out European call option with expiry time 7.
Let L and K be the barrier level and strike price, respectively, of the down-and-
out option. We only consider the case where K > L and assume that So > L.
Let bdo(S, X,t) denote the price of the down-and-out option at time ¢ given
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S; = S and X; = X under the assumption that the call has not been knocked out
prior to time ¢. Then, by employing the risk-neutral regime-switching Esscher
transform Q; described in Sect. 3, bdy(S, X, 1) is given by:

bdy(S, X, 1)
= Egé[e_’(T_’) max{S7 — K, 0 min,_,_, 5,>0)|S: = S, X; = X]. ~ (4.1)

Let bdy; := bdy(S,e;,t) and bdy := (bdyy, bdyy,. . .,bdon). Then, bdy(S, X,t) =
(bdy, X;) and bdy satisfies the following system of N-coupled PD.E.s:

abdy; abdy 1 8%bdo;
O 4 g0y —p2g22 20

— rbdy;
rodoi + =5 as 2710 e

+ (bdy, Aej)) =0,  (4.2)

where the boundary and terminal conditions for the down-and-out option are
given as follows:

bdy(L,ej,H) =0, bdy(S,ei,t) ~S ase’T708 - o0
and
bdy(St,ei, T) = max{St — K,0}[iming_,.r 5>}, 1=1,2,...,N.

For the fixed time ¢ > 0, we assume that the down-and-out call option has not
yet extinguished at time ¢. As in section two, we focus on an unhedged position
of the down-and-out call option from the buyer’s viewpoint. Since we decide
to measure the risk of the naked position during the time interval [z,¢ + k],
we assume that the naked position will not be liquidated in secondary markets
during the time horizon [¢,t 4 h]. Given the market information G, up to time
u € [t,t+h), we define a risk measure for the naked position over [t, ¢+ A]. First,
we need to distinguish two cases, say ming<y<, S, < L and ming<,<, Sy > L for
each fixed u € [t,t + h). If ming<, <, Sy < L, the down-and-out option becomes
worthless at time u and so the GSE equals e’ W=Dpdo(S;, Xy, £) at time u. If
ming<y<y, Sy > L, the GSE at time u is defined as follows:

PPy (B bdo(t, 1) | Gy) =sup {—Ep, (7" A bdo(1,1)1Gu) |1 € A, t+)},

(4.3)

where A bdy(t,h) = bdo(St+h,X,+h,t+h)I{ min hSu/ > L} —e"bdy(S,, X1, 1)
u<u'<t+

and I(A) is an indicator function of the event A.

Since (S, X;) is a two-dimensional Markov process with respect to G;, the
GSE for the down-and-out option can be written as prior to knock out a func-
tion H(S,, X, 1) depending on S,, X, and u. Then, as in Sect. 3, it can be
shown that H?(S, X, u) satisfies the regime-switching PDE in Proposition 3.1
when § > L associated with the following boundary and terminal conditions:

HO (L, X, u) = " “Dbdy(S;, X,, 1)
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and

HP(Syin, Xepnot + h) = €'bdo(Sy, Xy 1) — bdo(Sns Xeanst + h)
I[ min S, > L] ,

t<u<t+h

Now, write H? := H?(Sy,e;,u) (i =1,2,...,N)and H := (H?, HY, ... HY).
Then, H?(S,, Xy, u) = (H?, X,). Then, H? satisfies the following system of
N-coupled PDE:s in Corollary 3.2 when § > L associated with the following
boundary and terminal conditions:

HP(L,ei,u) = e"“Dbdy(S;, X;,1)

and

HP (S eit + h) = e'bdo(S;, X1, 1) — bdo(Syp, et + h)IH min S, > L} ,

t<u<t+h

wherei=1,2,...,N.

5 American-style options

In this section, as in Siu and Yang (2000), we shall first define the GSE for a sin-
gle American-style contract with an arbitrary payoff function and expiry time
T to incorporate the feature of early exercise. Then, we shall derive a regime-
switching partial differential system governing the dynamics of the GSE of
the American-style contract. The regime-switching partial differential system
can be regarded as a regime-switching free-boundary problem, which has been
discussed in Buffington and Elliott (2002a,b).

Let V* be the value of an American-style derivative at time ¢ with expiry time
T. We can write V? as a function V4(S;, X;,t) depending on S;, X; and ¢. Let
Vit i=V4S,e,1) and V4 := (V{,V4,...,V§). Then, V4(S, X, 1) = (V4, X). Fol-
lowing the analysis in Buffington and Elliott (2002a,b), V* satisfies the following
system of N-coupled partial differential systems:

ave 1 92ve ava
8; + EaizS2 8821 +rS 855 —rVi+(V* Ae) <0,

Va(Slv ei9t) 2 f(Sl’ t)a

where f : RT x [0, T] — R is a continuous reward function satisfying the linear
growth condition [f(s, )| < c¢1 + ¢ s for some real constants ¢, ¢3;

vy
LY Nl

ave 1 92va
Vi _ai2S2
ar 2 052 as

—rVi+ (V“,Ae,-))(vgl —-H=0,
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and
V4«(Sr,e;,T)=fS7,T), i=12,...,N.

We suppose that the American option will not be liquidated during the time
horizon [t,¢ 4+ k] and that it is an unhedged position. However, as in Siu and
Yang (2000), we allow the possibility of early exercise at any intermediate time
u € [t,t + h]. Let * be the optimal stopping time for the above optimal stop-
ping problem for the American option. We first assume that t* > ¢ (that is,
the American option has not yet been exercised at time ¢) for a fixed time
t > 0. Given the market information G, up to time u € [t,t + h), we define
the GSE for the naked position of the American option over [u,t + h] with
the possibility that the American option may be exercised optimally during
the time horizon [u,t + h]. Here, we need to distinguish two cases (namely
t <t <wuandt* > u)foreachu € [t,t + h). If t < t* < u, the American
option is exercised at some time u’ € (¢,u], and hence it is trivial that the GSE
equals e’ @) (S, u') — " “@DV4(S, X, 1). Following the notations in Sect. 3,
if t* > u, the GSE is defined in the following expectation form:

Y 2
HO(Su, Xus ) = sup{—Ep, [e™"Va " TIOVUS i Xean oo S5 (TG
A€ A, t + h)} + " “OVaS,, X, 1), (5.1)

where the function ]fjh of the optimal stopping time 7* is defined as follows:

JH_h( *) _ T* if t* € [u,t+h)
t+h ift*et+h,T]

and the function V* is the price process of the American derivative.

By introducing the function J th+h of the optimal stopping time t*, we can
incorporate the feature of early exercise during the time horizon [u, f+h] into the
calculation of the GSE at time u. Now, write H{ := H*(Sy,e;,u) (i=1,2,...,N)
and H" := (H{, H5, ..., HY,). Then, H*(S,, X, u) = (H?, X;,). Then, H” satisfies
the following system of N-coupled partial differential equations:

aH* 1 32 HY¢ dH?
— -+ 30 oS —L g TAK] enS— - —rH +(H, Ae)) > 0,
Ha(SI/l’eh l/l) S —f(Su,l/l) + er(u_t)va(sf’Xlal)5

H(Spypyeint+h) = VS, X, t) — VO(Siineit + h),

dHY 1, 23 H? oH? y
(aT[*z ot S+ K] e S —rH“+(H“»A€i>)<H?—f>=0’
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where
oH?
K= —s2
! aS
e [x ifKe <0
MELe) =150 ik =0
and

f(Suvu) = _f(Suvu) + er(uit)va(ShX[’ t)a

wherei=1,2,...,N.

6 Conclusion and further research

We have considered a PDE approach for evaluating coherent risk measures for
derivative instruments in a Markov-modulated Black—Scholes environment.
The PDE approach can provide market practitioners with a flexible and effec-
tive way to evaluate risk measures in the Markov-modulated Black—Scholes
model. It is especially useful for the case of American options, in which the
possibility of early exercise needs to be taken into consideration in both the
pricing and risk measurement parts. We have considered the use of the regime-
switching Esscher transform and the delta-neutral hedging for pricing and hedg-
ing options in the Markov-modulated Black-Scholes market. We have derived
the PDEs satisfied by the GSE for European-style options and American-style
options. We have demonstrated the use of the PDE approach for evaluating the
GSE for a down-and-out barrier option.

For further research, numerical and computational problems represent inter-
esting topics. Following the numerical methods in Yao et al. (2006), one can de-
velop some accurate and efficient numerical schemes for the regime-
switching PDE framework.
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